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We discuss models involving two scalar fields coupled to classical gravity that satisfy the general
criteria: (i) the theory has no mass input parameters, (ii) classical scale symmetry is broken only
through − 1
12
ςφ2R couplings where ς departs from the special conformal value of 1; (iii) the Planck
mass is dynamically generated by the vacuum expectations values (VEVs) of the scalars (iv) there is
a stage of viable inflation associated with slow roll in the two–scalar potential; (v) the final vacuum
has a small to vanishing cosmological constant and an hierarchically small ratio of the VEVs and
the ratio of the scalar masses to the Planck scale. This assumes the paradigm of classical scale
symmetry as a custodial symmetry of large hierarchies.
The discovery of the weakly interacting Brout-Englert-
Higgs (BEH) boson, coupled with the absence of signif-
icant evidence for physics beyond the Standard Model,
has stimulated a re-evaluation of the possible explana-
tions of the hierarchy problem. In the Standard Model
(SM) of the strong and electroweak interactions, which
has no fundamental input mass scale other than the BEH
mass, an apparent hierarchy problem arises that is due
to the additive quadratically divergent radiative correc-
tions to the mass squared of the BEH boson. However,
in the pure Standard Model the quadratic divergences
are an artifact of the introduction of a mass scale cut-off
in momentum space [1]. In the context of field theory,
the coefficients of relevant operators have to be renor-
malised and the theory is defined ultimately by observ-
able renormalised coefficients. In this case neither the
quadratically divergent radiative correction to the BEH
mass nor the mass counter-term is measurable and only
the renormalised mass is physically meaningful. If one
maintains scale invariance broken only explicitly by the
various trace anomalies and spontaneously to generate
the BEH boson mass, then the latter must be viewed as
multiplicatively renormalized since no quadratic diver-
gence arises in the trace anomaly. This has further led
to the proposal of classically-scale-invariant models that
contain the SM, in which the electroweak scale is gen-
erated through spontaneous breaking of scale invariance
via Coleman-Weinberg mechanism [2, 3].
It has been suggested that scale invariance might even
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apply at the quantum level through “endogenous” renor-
malisation which requires that the regulator mass scale,
µ, associated with quantum loops in dimensional regu-
larization, is itself generated by a moduli field1. Alter-
natively, one can always introduce an arbitrary cut-off
scale Λ, e.g., by way of momentum space cut-off or Pauli-
Villars regularization, but then renormalize the theory at
a renormalization scale given by a moduli field to remove
the Λ dependence2. However we will not explore this
possibility here, concentrating on whether it is possible
to build a viable scale invariant theory broken only spon-
taneously and via the trace anomaly.
Of course a complete theory must include gravity and,
if one is to maintain classical scale invariance, it is neces-
sary to do so in a way that generates the Planck scale
through spontaneous breaking of the scale invariance
such as occurs in the Brans Dicke theory of gravity [9].
The inclusion of gravity means there are additional addi-
tive divergent contributions to the BEH mass but these,
too, are unphysical and should be absorbed in the renor-
malised mass which, as before, is multiplicatively renor-
malised due to the underlying scale invariance and thus
avoids the hierarchy problem.
1 For a recent discussion see [4] and, in the context of the model
discussed below see [6].
2 It is easy to see that if one subtracts at some mass scale M that
is specified externally to the defining field theory action, then the
trace anomaly arises as the variation of the renormalized action
wrt ln(M). In replacing the subtraction scale M by an actual
field χ that is part of the defining action of the theory, there
is no residual trace anomaly; the trace anomaly is simply ab-
sorbed into the improved stress tensor itself, which then remains
traceless.
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2A problem with the scale independent approach occurs
if there are massive states coupled to the BEH scalar for
then there are large finite calculable corrections to the
Higgs mass. In the Standard Model the presence of the
Landau pole associated with the U(1) gauge group factor
indicates that the SM becomes strongly interacting at the
scale associated with the Landau pole. It is common to
assume that there will be massive bound states associated
with this strong interaction that will couple significantly
to the BEH boson and create the “real” hierarchy prob-
lem. One possible way to evade this is to embed the SM
in a theory with no Abelian gauge group factor that does
not have a Landau pole [21]. This must be done close to
the electroweak scale to avoid introducing the hierarchy
problem via new massive states and leads to a profusion
of new states that may be visible at the LHC. However
the Landau pole in the SM lies above the Planck scale
where gravitational effects cannot be neglected and it is
far from clear clear what the physics above the Landau
pole will be and whether it indeed reintroduces the hi-
erarchy problem. For the same reason we did not insist
on the absence of a Landau pole in the model considered
here.
Similarly it is possible that, when gravity becomes
strong, it leads to massive states that generate the real
hierarchy problem. Of course there are black holes that
can carry SM gauge group charges and couple to the BEH
boson. In general such states do not give rise to an hi-
erarchy problem due to their form factor suppression. It
is possible that microscopic black holes exist that do not
have such form factor suppression but this is not firmly
established and, as with the Landau pole problem, we
chose to ignore this possibility here.
In this paper we construct a spontaneously broken
scale-free model that includes gravity. As such, there
is no physical meaning to the vacuum expectation value
(vev) of a single scalar field and only dimensionless ratios
are measurable. A mimimal model capable of generating
an hierarchy requires the introduction of two scalar fields,
φ and χ coupled to gravity in the form:
S = −
∫
d4x
√−g[ 1
12
αφ2R+
1
2
∇µφ∇µφ
+
1
12
βχ2R+
1
2
∇µχ∇µχ+W (φ, χ)] (1)
where: W (φ, χ) = λφ4 +ξχ4 +δφ2χ2. This theory has no
input mass scales, is conformally invariant if α = β = 1
and is invariant under independent φ→ ±φ, χ→ ±χ.
The theory has remarkable properties that we illustrate
for one representative choice of parameters (α, β, λ, ξ,
δ) in Figure 1. At early times it has a period of inflation
during which, as we will show later on, observationally
viable spectra of scalar and tensor perturbations can be
generated. Furthermore, it has an infra-red (IR) fixed
point set by ratios of the coupling constants and which
is radiatively stable to quantum corrections and during
which the universe can undergo accelerated expansion.
FIG. 1: Plot of the Hubble parameter, H, φ, χ and the ratio
of the two components of the effective Planck mass, M2φ and
M2χ, as a function of a; we have normalized the x-axis to the
scale factor at the end of inflation, ae.
In the context of unimodular gravity3 references [5,
6] provide seminal studies of the model. These studies
concentrate on the ξ = O(1) case in which the field χ may
be interpreted as the Higgs, in turn requiring β = O(105)
to produce “Higgs inflation”.
In this paper we extend the analysis to cover other val-
ues of the parameters. By way of motivation we note that
in the context of the hierarchy problem it is important
that there should be no heavy states significantly coupled
to the Higgs. In this case it has been argued [8] that the
solution to the strong CP problem requires the introduc-
tion of the axion and, in the context of this model, the
most economical solution is to identify the axion with a
component of the χ field. However then the coupling ξ
must be small to avoid the introduction of a low-lying
Landau pole. A second difference is that we determine
the inflationary solution in the “Jordan” frame of eq(1)
whereas the analysis of reference [5, 6] was performed
in the Einstein frame. Our analysis has the advantage
that it has a simple analytic solution in the slow-roll re-
gion, clarifying the origin of the structure of the model.
Finally, the IR fixed point structure of the model stud-
ied here differs from that in [5, 6] where the unimodular
constraint introduces an explicit cosmological constant.
In the Jordan frame the field equations immediately
follow from eq.(1):
M2Gαβ = T
φ
αβ + T
χ
αβ − gαβW (φ, χ) (2)
3 The unimodular constraint does not play a role during the infla-
tionary stage.
3where
Tφαβ =
(
1− α
3
)
∇αφ∇βφ+
(
α
3
− 1
2
)
gαβ∇µφ∇µφ
−α
3
φ∇α∇βφ+ α
3
gαβφφ
Tχαβ =
(
1− β
3
)
∇αχ∇βχ+
(
β
3
− 1
2
)
gαβ∇µχ∇µχ
−β
3
χ∇α∇βχ+ β
3
gαβχχ (3)
and:
φ− α
6
φR− ∂W
∂φ
= 0, χ− β
6
χR− ∂W
∂χ
= 0. (4)
The effective planck mass, M2 = M2φ + M
2
χ (where
M2φ = −αφ2/6 and M2χ = −βχ2/6) is time varying dur-
ing during the inflationary period (when M2φ  M2χ)
but constant during the late time accelerated expansion
phase (when M2φ  M2χ), obeying current constraints
on gravitational physics. To obtain the normal form of
the Einstein equations at late times, M2 must be pos-
itive and therefore at least one of the coefficients α or
β must be negative, inconsistent with the conformally
invariant choice. However the resultant theory is still
scale-independent [7].
Taking the trace of the Einstein field equations we
have:
−M2R = (α− 1)∇µφ∇µφ+ (β − 1)∇µχ∇µχ
+αφφ+ βχχ− 4W (5)
which determines the Ricci scalar.
We now restrict the analysis to study the cosmologi-
cal evolution for a Friedmann Robertson Walker (FRW)
metric, gαβ = (−1, a2δij). The FRW equation is given
by:
H2 − D
3M2
H − ρT
3M2
= 0 (6)
where H ≡ a˙/a is the Hubble parameter, D = αφφ˙+βχχ˙
and ρT = φ˙
2/2 + χ˙2/2 +W . The evolution equations for
φ and χ can be uncoupled to give:(
φ
χ
)
=
1
K
(
1 + β
2χ2
6M2 −αβφχ6M2
−αβφχ6M2 1 + α
2φ2
6M2
)( Sφ
Sχ
)
(7)
where K = 1 + (α2φ2 + β2χ2)/(6M2) and:
Sφ = α(α− 1) φφ˙
2
6M2
+ α(β − 1) φχ˙
2
6M2
+
4αφ
6M2
W +
∂W
∂φ
Sχ = β(β − 1) χχ˙
2
6M2
+ β(α− 1) χφ˙
2
6M2
+
4βχ
6M2
W +
∂W
∂χ
(8)
As advertised, this theory has an infrared fixed point
which can be found by setting φ¨ = φ˙ = χ¨ = χ˙ = 0 leading
to:
Sφ ≡ −4α φ
αφ2 + βχ2
W +
∂W
∂φ
= 0
Sχ ≡ −4β χ
αφ2 + βχ2
W +
∂W
∂χ
= 0 (9)
Note that φSφ +χSχ = 0 is automatically satisfied since
our full potential, W (φ, χ), is classically scale invariant:
δW/δ lnφ+ δW/δ lnχ = 4W This guarantees that non-
trivial solutions generally exist in the ratio of the VEV’s
of φ and χ given by:
〈χ0〉2
〈φ0〉2 =
4λβ − 2αδ
4αξ − 2βδ (10)
One can readily show that this is an IR stable fixed point
so that 〈φ0〉, 〈χ0〉 are the IR vevs of the scalar fields.
Note that it is only dimensionless ratios of VEVs that are
physical. The absolute value of a VEV, not determined
by the static equations, is not measurable.
We are interested in the case that 〈φ20〉  〈χ20〉 so that,
at late times, a large hierarchy develops. To have an hi-
erarchically light “matter” sector also requires that the
χ mass should be small relative to the Planck scale and
this in turn requires that the χ mass contribution com-
ing from the δφ2χ2 term should be hierarchically small
relative to the Planck mass, i.e. δ ≤ 〈χ20〉/〈φ20〉. Finally
if the cosmological constant at late times is small then
this requires a fine-tuning of the parameters in W such
that it is (or is close to) a perfect square. Furthermore,
we need λ ≤ 〈χ40〉/〈φ40〉 which, in the absence of a α12φ2R
term, is natural because φ is shift symmetric in the limit
the small parameters vanish. Thus the radiative correc-
tions to the small parameters can only be gravitational
in origin (we will discuss these corrections later in this
letter).
What happens to the scale factor in the IR? For static
scalar fields the FRW equation, Eq. 6, implies:
3M2
(
a˙
a
)2
= W = (λ+ ξµ4 + δµ2)φ40 (11)
(where µ2 ≡ 〈χ0〉2/〈φ0〉2) and we can define an effective
cosmological constant Λeff = (λ + ξµ
4 + δµ2)φ20/(α +
βµ2). With the ordering of the couplings discussed above
Λeff ≤ ξχ40/M2. To obtain zero cosmological constant
requires fine tuning of the couplings corresponding to the
potential having the form of a perfect square.
This theory is equivalent to a multi-scalar Jordan-
Brans-Dicke theory of gravity with a potential [9–
11]. Current constraints on Brans-Dicke theories from
Shapiro time delay measurements are particularly strin-
gent and a naive application to this theory leads to
α < 2.5 × 10−5. However, the scale invariance of the
theory implies that a change in the Planck mass will be
4compensated by a corresponding change in massive ob-
jects that cancel the effect so that the bound does not
apply.
A remarkable feature of the scale-independent struc-
ture, that we see in Fig 1, is that it readily leads to an
inflationary era. Non-minimally coupled models of in-
flation have been looked at before [12–15]. Multifield,
non-minimal models have also been looked at in some
detail, with a particular focus on models with an explicit
Planck mass [16] or perfectly (or almost perfect) confor-
mal invariance (with α = β = 1) [17].
However this case is characteristically different, with
no explicit Planck mass and the slow-roll condition re-
sulting from a cancellation of terms due to the scale in-
variance of non-gravitational sector. To understand its
inflationary regime, it useful to rewrite Eq. 7 in terms of
M2φ and M
2
χ. In the regime where W ' ξχ4, Eqs 7 gives
us:
d
dN
(
M2φ
M2χ
)
=
4
3
M2φ(M
2
φ +M
2
χ)
(α− 1)M2φ + (β − 1)M2χ
(
(1− β)α
(α− 1)β
)
(12)
where N = ln a. Slow-roll results in the β  α regime
where M2χ M2φ because the scale invariant form of the
scalar potential results in a cancellation of the large ∂W∂χ
term in eq(8) so that the rhs of eq(12) is proportional to
M2φ. Solving this equation gives the inflationary solution
M2φ = M
2
Ee
νN and M2χ = M
2
E
[
1 + γ
(
1− eνN)] where
ν = −4α/3 and γ = β(1 − α)/α(1 − β), and we have
N = 0 at the end of inflation when M2φ = M
2
χ = M
2
E . We
have checked that this solution is a superb approximation
to the numerical solution to Eqs 7.
With our analytical solution in hand, assuming that
at the beginning of inflation we have φ ∼ χ ∼ ΦI , we
find that the total number of e-folding during inflation is
Ntot = −(1/ν) ln[(1 + γ)/(β/α + γ)]. This allows us to
determine the value of the effective Planck mass today
as a function of MI = − 16αΦ2I through M2E 'M2I eνNtot .
If α, β  1 we have that M2E 'M2I while being possible
to have Ntot →∞.
We can also calculate the predictions for the inflation-
ary observables [18]. The standard procedure, in the
case of single field models is to calculate the slow pa-
rameters in the Einstein frame; following [5] we will do
so here although effects arising from the multi dynam-
ics may change our results somewhat. In the Einstein
frame (which we denote with a tilde over all quanti-
ties, e.g. X˜) we have that the Hubble rate is given
by H˜2(N˜) ' (36ξ/β2)M4χ/(3M2χ − M2φ) which we use
to determine the slow roll parameters, ˜ = −H˜ ′ and
η˜ = ˜−˜′/2˜, and then calculate the tensor to scalar ratio,
r = 16˜ and the scalar spectra index, ns = 1 + 2η˜ − 4˜.
We then find the expressions:
r = 64α
2
9ζ
eνNe
(eνNe−1)2 (13)
ns − 1 = −ν eνNe+1eνNe−1 (14)
where ζ = β/(β − 1) and Ne is the number of e-foldings
before inflation. In order to obtain fluctuations of the ob-
served magnitude we need ξ/β2 = O(10−10). For Higgs
inflation ξ = O(1) so one must have β = O(105). Here
we explore smaller values of β which will require corre-
spondingly smaller values of ξ.
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FIG. 2: Plot of the tensor to scalar ratio, r, and the the scalar
spectra index, ns, for a range of α and β.
Figure 2 plots r and ns for a range
4 of β. It is straight-
forward to obtain (r, ns) consistent with the Planck mea-
surements [19], i.e. r ≤ 0.1 and ns ∼ 0.96; indeed, typi-
cal values of r range from 10−3 to 10−2. Future B-mode
constraints will further tighten bounds on r, leading to
bounds on α and β.
This analysis has assumed that only a single field is
active. Being a two field system, Φ, there are possible
additional isocurvature fluctuations and non-negligable
non-Gaussian effects [20] that are proportional to η⊥.δΦ⊥
where η⊥ and δΦ⊥ are the components of the slow roll
vector, −→η , and the field perturbations orthogonal to the
background field trajectory respectively. In the slow roll
regime one may see from eq(12) that the ratio M2φ/M
2
χ is
field independent implying η⊥ vanishes, being an attrac-
tor of the scale invariant theory[6], thus justifying the
assumption.
The generation of an hierarchy requires that the choice
of parameters in the tree level Lagrangian is also hi-
4 In the large β limit our expressions reproduce almost exactly the
numerical values obtained in [5].
5erarchical and it is important to check whether this
choice is stable against radiative corrections. The choice
λ  δ  ξ is stable against non-gravitational correc-
tions because in the limit that λ and δ vanish there is an
enhanced shift symmetry φ → φ + c. This implies that
non-gravitational corrections to δ are proportional to δ
while the corrections to λ are proportional to δ2 or λ,
both being perturbatively small. The gravitational cor-
rections have been studied in detail in reference [6] and
we do not repeat the discussion here. Calculating the ra-
diative calculations using dimensional regularisation as
an example of endogenous renomalisation it was shown
that the model results discussed here are essentially un-
changed by gravitational corrections.
While the model is very simple, it provides a basis to
extend the Standard Model to include gravity in a scale
invariant theory. Reference [5] identified the χ field with
the Higgs scalar and so that the inflationary era is Higgs
inflation. However this is not the only possibility. As we
commented above it may be advantageous to identify χ
as the field giving rise to the axion solution to the strong
CP problem. Of course the SM states should have hi-
erarchically small coupling to the φ field but such small
couplings will again be radiatively stable due to the en-
hanced symmetry when the couplings are zero.
We have shown that a simple two-scalar model coupled
to gravity can satisfies the general criteria: (i) the theory
has no mass input parameters, i.e., is classically scale
invariant. One can readily see that this model possesses
a conserved current of the form jµ = (1−α)φ∂µφ+ (1−
β)χ∂µχ. This current arises upon combining eqs.(4,5) to
eliminateR and it is covariantly conserved, Dµjµ = 0 and
it plays an important role in the dynamics which will be
explored in subsequent work ref.(22); (ii) scale symmetry
is broken only through the scalar coupling to the Ricci
scalar which depart from the special conformal value of
−1/6; (iii) the Planck mass is dynamically generated by
the scalar VEV’s (iv) there is a viable stage of inflation
associated with slow roll in the two–scalar potential; (v)
the final vacuum has a small to vanishing cosmological
constant and an hierarchical ratio between the Planck
scale and the scalar mass scale. Our analysis assumes the
paradigm of scale symmetry as a custodial symmetry of
large hierarchies. We will present generalizations of this
scheme to multi-scalar theories as well as the inclusion of
SM states and expand the formal implications elsewhere
[22].
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